We discuss a relation between the 2n-dimensional anomalies and the (2n+2)-dimensional chiral anomalies using the Gaussian factor (heat kernel) regularization. Recently, it was shown that Fujikawa's form of the non-Abelian anomaly is related to a topological object in a direct manner. Their argument seems general and independent of concrete forms of index, anomaly and other details of models. In this paper we extend the analysis to the V, A coupling gauge theories, the gravitational theory and also to the open superstring theory.
We discuss a relation between the 2n-dimensional anomalies and the (2n+2)-dimensional chiral anomalies using the Gaussian factor (heat kernel) regularization. Recently, it was shown that Fujikawa's form of the non-Abelian anomaly is related to a topological object in a direct manner. Their argument seems general and independent of concrete forms of index, anomaly and other details of models. In this paper we extend the analysis to the V, A coupling gauge theories, the gravitational theory and also to the open superstring theory.
In application to the gravitational anomaly, we obtain a family of consistent anomalies from the higher dimensional index, which are all equivalent to Fujikawa's form. Our construction of gravitational anomalies leads naturally to counterterms which relate different forms of anomalies to one another.
In the case of Type-I superstring theory in 10 dimensions, we show that the gauge anomaly in this theory is related to a index of a kind of Dirac operator in 12 dimensions. Our consideration might provide hints to geometrical understanding of string anomaly. § 1. Introduction
In field theory, symmetries which exist in classical theory are often violated by quantum effect_ This violation of the symmetry is called anomaly and has many important applications in quantum physics_ 1 
J
In this paper we deal with chiral fermions in any even space-time dimensions which couple to gauge fields of any gauge group and gravity. It is well known that these theories generally have anomalies in gauge and gravity sector_ The question of gauge anomalies in theories formulated in higher-dimensional spacetimes has arisen in the study of the low energy effective theory of string theory and string theory itself_
The field theoretical treatment of anomalies is rather intricate and is intimately related to questions of regularization and renormalization of the terms in perturbation expansion_ Fortunately gauge anomalies in the chiral fermion theory is deeply connected to the differential topology and thus we can learn a lot about anomalies from geometry. The chiral anomaly has a close relationship to Atiyah and Singer's index theorem.
Recently, it is shown that some of the structure of anomalies can be analyzed directly from Fujikawa's expressions of anomalies. 9 l They showed, by using the Gaussian factor*) regularization and the algebra of differential operators, that the consistent form is connected to the covariant form by the current redefinition. They also obtained a simple expression of the local counterterm of parity even part of the non-Abelian anomaly. Their analysis indicates a fact that we can regard Fujikawa's form of anomalies as generating functional from which most of the structure can be derived directly without using their perturbative calculation. Since their framework is independent of concrete form of anomaly and other details of model, very general discussion can be made. For example this framework is applicable to physical systems which do not have geometrical formulation (yet), e.g., gauge theory on manifold with boundary, open string theories and so on. We think it is worth studying further. Unfortunately Fujikawa's expressions were not suitable tools to obtain the explicit form of the non-Abelian (gauge) anomaly, especially in higher dimensions. We need troublesome perturbative calculation to obtain concrete forms of the anomaly. Thus it is very hard to derive them in arbitrary dimensions and compare it with results from differential geometry. However we can show that Fujikawa's form of anomaly satisfies the Wess-Zumino consistency conditio~ (WZ condition). This suggests that general equivalence in arbitrary even dimensions between Fujikawa's form and the gauge anomaly which is given by the solutions of the WZ condition.
In a previous paper/ 0 ) we have shown the equivalence between the non-Abelian anomaly constructed by the geometrical method and the one derived by Fujikawa's method (and then the equivalence of Zumino's cohomological approach and the Gaussian factor approach). Firstly we worked in the non-Abelian gauge theory. Avoiding explicit perturbative calculation, we do work according to the following program. 1: We seek for the heat kernel representation of Zumino's solution. For this we follow Alvarez-Gaume and Ginsparg's argument, which relates the (2n+2)-dimensional index to the 2n-dimensional non-Abelian anomaly. Their argument can be completely repeated ih our heat kernel framework and then we obtain the heat kernel representation of Zumino's solution. 2: We construct a counterterm, · which relates Fujikawa's form to Zumino's, in the heat kernel form by using the properties of functional trace and algebra of differential operators. Along this program, we can show the complete equivalence of two forms of anomalies in the chiral gauge theory. In other words, we obtain the explicit form of the non-Abelian anomaly from Fujikawa's expression by a rather simple calculation.
In this paper, we extend the analysis of Ref. 10) to the V, A coupling gauge field theory, the gravitational anomaly and the open superstring theories.
By applying to the gravitational anomaly, we obtain a family of consistent anomalies from the higher dimensional index. We can again show their equivalence to Fujikawa's form. Moreover, we will show that our construction of gravitational anomalies leads naturally to counterterms which relates different anomalies to one another.
One more application of our formalism is to open string theory. This can be easily achieved by the replacement of Dirac operators by their string analogues. Here, we discuss Type-I superstring theory in 10 dimensions. We relate gauge anomaly in this theory to the index of a kind of Dirac operator in 12 dimensions. Our consideration might provide a hint to the geometrical understanding of string anomaly. We organize this paper as follows. Sections 2 and 3 are devoted to reviews and to giving conventions. In particular, in § 2, by Fujikawa's method we review the derivation of non-Abelian anomalies and the gravitational anomaly for the chiral fermionic field theory. In § 3 we introduce differential geometry and overview the gauge theory using the language of differential forms and provide the necessary background, formalism and results. And we also review Alvarez-Gaume and Ginsparg's argument of showing the relation between (2n+2)-dimensional chiral anomaly and 2n-dimensional gauge anomaly.
In § 4.1 we introduce the Gaussian factor (heat kernel) formalism and results of § 3 is rederived in our framework. Section 4.2 is devoted to a detailed proof of equivalence of two methods. In this section we construct counterterm which relates them to each other. We extend the analysis to the V, A coupling gauge theories and also to the gravitational theory.
In § 4.3 we discuss the application to open string theory. In § 5 we conclude this paper with some comments. § 2. Gauge anomaly in chiral gauge theory
The Yang-Mills gauge theory
We begin with introducing Fujikawa's form of anomaly. Although it is commonly derived via variation of path integral measure, we here follow rather conventional procedure. Simultaneously some of our methods and conventions are explained.
Since the relevant contribution to anomaly essentially comes from fermion 1-loop graph, it is sufficient to consider only fermion path integral and the gauge field can be thought as classical external field. The non-Abelian anomaly is the gauge variation of the effective action for the gauge field. The effective action is defined by il/J-)
Here the fermion with the positive chirality is included. Since it does not couple to the gauge field, it affects only the overall normalization of the fermion integral. The Dirac matrices and y 5 
The fermionic determinant or effective action of our theory is defined by
Obviously the eigenvalue problem is not gauge invariant, because of the positive chirality not coupling to the gauge field. We show that (2 ·1· 3) suffers from una void· able phase change under the gauge transformation. Let us consider the gauge variation of (2 ·1· 3).
8F[A] 8e-r[Al
The possible divergence caused from infinite degrees of freedom must be regularized 2 by the Gaussian factor, e-2 AnP, and summation over all eigenvalues can be replace by trace operation,*) (2·1·5) where taking the limit /3-+0 must be understood. Considering 8i!J=8(1/J-+ ¢+) =8(1/J)P-, the gauge variation 8AA~'=D~'A leads to
where the operator notation (D~'A)(x)=[D~', A(x)] is introduced.**) The dot· denotes contraction over color index (and often also space-time integration hereafter). The effective action r[A] is naively gauge invariant, thus this expression seems to be zero. But generally it has non-zero result as we discuss below. Equation (2·1·6) is related to anomalous current divergence. (""l/J¢el/J~Pdf3= (""___!l__el/J~Pd/3=-el/J~P,
and (2·1·9) we perform the integration and obtain the non-Abelian anomaly,
which comes from short time boundary. This is the same result obtained using standard Fujikawa's argument 12 J, 7 J and generally it gives non-vanishing result. Hereafter we mainly concern the first term of (2·1·10), i.e., "parity violating part", since the second can be removed by adding a local counterterm to the action as shown in § 4. 9 
J
In the above discussion, introducing the positive chirality is essentially important. · It is necessary to introduce the Pauli-Villars prescription (requiring opposite statistics regulator fermions with action J x(ii/J+ M)x ), to which our Fujikawa like regulator effi'P will be equivalent.
One more comment is that the parity violating part of (2·1·10) is pure imaginary since we take A as anti-hermitian. The change of (2·1·3) under gauge transformation is actually phase change. Thus the imaginality of the fermionic determinant is of fundamental importance for anomalies. Especially the fermions in real representation has no anomaly since the determinant (2·1·10) is real and gauge invariant Pauli-Villars method is available for real variable.ll) Some ambiguity exists in calculating anomalies, since it is related to questions of regularization and renormalization of the term in the perturbative expansion. Anomaly (2 ·1·10 Although it seems to be natural that (2·1·11) is imposed on anomaly, but generally it is not satisfied. We show anomaly (2·1·10) actually satisfies (2·1·11) in § 4.
Gravitational theory
We can treat the gravitational anomaly with the same setting. The effective action r is now defined by functional integral,
where Dirac operator i/J= ¢o++ 1/J_ and l/J_=l/J(1-rs)/2 is the chiral coupling Dirac operator. The hermitian dirac operator in curved background is defined by
and ¢o is the flat space Dirac operator, which is field independent, (2·2·3)
As in the previous subsection we again work in the Euclidean (Riemannian) space time. Dirac matrices are taken to be hermitian and CJab= (1/4) 
We can compute variation of the effective action along the line as the previous section. The derivation of the gravitational anomaly is similar to the gauge theory. Note the following relation.
Thus our earlier discussion is available if we make replacement A to -,;~p. or (1/2) a'ab6ab. The result is 9 > (2·2·18)
Here the energy of quantum fermion is defined by
Again the gauge dependence of effective action means anomalous energy-momentum conservation law and asymmetry of energy-momentum tensor. Careful treatment may be required about functional trace in the above relation. Using the bases of scalar wave function {cpn}, {xn}, *l For reader's convinience, further we note some useful relation here. [(l/2)a·a, ra]=-aabrb. The formalism of the gauge and gravitational theory is reviewed using the language of differential geometry. We consider the case of the gauge theory with gauge group G on a space-time manifold M of dimension d with coordinate x~'-. The extention to the gravitational theory is also simple. The gauge field A,.=A,_aya specifies a connection on a principal bundle P with base M and fibre G. We write connection 1-form as 
Jl=g-
But from (3·7) r;F = :F, and the two expressions in (3·8) are thus equal to each other:
Expanding in power of C (in degrees of the form along the fibre),
defines the form Qfn+I-k. Substituting the expansion (3 ·10) into (3 · 9) we obtain descent equations:
The WZ consistency condition for the gauge anomaly introduced in § 2 can be reexpressed in the BRS language.
The non-trivial solution of (3 ·12) is given by integrating the second equation of (3 ·11).
The right-hand side vanishes because of the integration on the boundary-less manifold. Mathematically this is a non-trivial element of cohomology group
For later use we put down the explicit form of Q~n for the gauge theory:
In fact Eq. (3 ·14) is, up to normalization factor, a consistent form for 2n-dimensional anomaly. 
Algebraic structure and heat kernel
In § 2 we introduced the heat kernel method and showed Fujikawa's calculation for anomaly.
where A is gauge parameter valued in the anti-Hermitian representation of the Lie algebra for the gauge group, or -D'"e for covariant transformation group.
Fujikawa's method is useful not only in perturbative calculation, but also in examining formal algebraic structure of anomalies. 9 l
Firstly we summarize their result in this subsection.
Removing the parity conserving term
In Ref. 9 ) it was shown that for the Yang-Mills theory the last term of (4·1·1) is given by the gauge variation of a counterterm for the gauge field. We note that this procedure is available also in gravitational case. The counterterm is given by
where _ll)t = (1-t) ¢o + t.W. ¢o is the Dirac operator for the free Dirac fermion, and ..lO is for fermion with external fields, i.e., the gauge field or gravity. We can show this by direct computation. We take the variation of (4·1·2),*> 
The last line integrates to the parity conserving part of Fujikawa's form (4 ·1· 2).
· 4.1.2. Current redefinition and anomalies
Next thing we consider is the regulator dependence of the anomaly. Note also that the regularization procedure employed in § 2 has an ambiguity.
>
In § 2 we introduced the Dirac operator ¢ for positive piece of chirality, but we may have introduced any kind of Dirac operator 1/J' such as 1/J, ¢ etc., to define definite eigenvalue problem and to regularize infinite degrees of freedom: *l We used here differential formula for any operator M,
which is often used in the following. We use also an abbreviated notation for any linear operator M, A 1, ···, An:
where ffi=l/JP_ + 1/J' P+ and we set 0'1/J'=O since we concern variation 0'1/J-=o(l/J)P-.
The corresponding problem in the standard Schwinger-De-Wit t prescription is how to regularize inverse of first order differential operator 1/J. We customary employ
These different choices lead to various forms of anomalies,
For example, choosing 1/J as 1/J', we can obtain the gauge covariant form, namely, the covariant anomaly,
These various forms, however, are related to each other by current redefinition. The last line of (4 ·1·13) shows that the difference between the covariant divergence of the covariant anomaly and that of consistent anomaly is also divergence of the local current J given by 
WZ consistency of Fujikawa's form
We can also show that Fujikawa's form (2·1·10) satisfies the Wess-Zumino consistency condition (WZ condition) using our method. This is a necessary condition for anomalies being a gauge variation of some functional. First we consider the Yang-Mills symmetry in chiral fermion theory. 
The third line is due to similar formula to Eq. (4·1·3) about commutator. Thus we have now
The same calculation is possible in gravitational case, due to common form (4·1·1) and similarity between (2·2·16), (2·2·17) and counterparts in the gauge theory.*> Replacing A by -e-Dp., (1/2)aab6ab, we can repeat the above process to convince the consistency of (4·1·1) ((2·2·18) and (2·2·19)). But there is a small difference. Oppose to the gauge field case A's do not satisfy the same commutation relation as group variations. For example, (4·1·18) in spite of[o~0v, o~]=O. One more difference from the gauge field case is that (4·1·19) However two differences cancel each other and after all we obtain the exact consistency condition. For example by similar computation to (4 ·1·17), 
In the gauge field case we know that solution of the consistency condition is unique up to trivial solution, i.e., up to gauge variation of some local functional. Thus expression (4 ·1·1) should be identified with the consistent anomaly. On the other hand, we have the solution according to Zumino for the WZ condition. Both should be the same up to trivial solution. Although for the gravitational theory we do not know general result about uniqueness of the WZ condition, but the same situation may be expected. So (4 ·1·1) should be identified with solution according to cohomological method. In the next subsection we consider the relation of them and present counterterm connecting them to each other in the gauge and gravity theory.
Fujikawa vs cohomological method
Our aim in this subsection is to show the equivalence between our approach and the topological method. 10 l We can show that the index of a Dirac operator in higher dimension directly relates to our Fujikawa's form. (Especially in the non-Abelian gauge theory, we show that two forms of anomaly (4 ·1·1) and (3·14) are indeed the same.) To this end we follow Alvarez-Gaume and Ginsparg's argument.
7 l,Bl We are going to revise the analysis using our heat kernel language and compare it with our Fujikawa's form. Firstly we consider gauge field case.
Gauge anomaly from the higher dimensional index -Non-Abelian gauge symmetry-
Proceeding as in the previous section, we consider two discs in Jl<Znl, i.e., family of the gauge field in 2n-dimensional spacetime, A e,t = tg-
The boundary of the disc is a gauge orbit through reference gauge field Ap.. Next we extend the gauge field to (2n+2) dimensions and index theorem on S 2 ®M, where 5 2 's upper hemisphere is identified with the above disc. We introduce (2n+2)-dimensional F-matrix in terms of 2n-dimensional Dirac matrices/l rp.=O"l®/'p.' rzn+l=O"z®1'
rzn+Z=O"l®/'s.
Since rs=inrg~l/'P., we also have The gauge field is defined with respect to G-bundle over S 2 ®S 2 n constructed as follows. The upper patch is taken to be the spacetime manifold S 2 n crossed with the (t, e) disc, the lower patch in S 2 n crossed with some trivial (s, e) disc and the transition function on the S 1 ®S 2 n boundary between the patches is simply the function g(x; e). We choose for the gauge field in (2n+2) dimensions on the upper patch,
where the last two components are taken to vanish, Jlt=Jle=O. On the lower patch,
that is Jle = -sdegg-
•
Then we introduce the Dirac operator l/J2n+2 with gamma matrices (4·2·1) and a gauge field in (2n+2) dimensions which is given below:
The index of the Dirac operator il/J2n+2 or the chiral anomaly in (2n+2) dimensions is given by the heat kernel term:
(4·2·6) where c;T9:{ is for (2n+2) dimensions.
In order to see the relation between this chiral anomaly and the non-Abelian anomaly, we take a perturbative calculation of the extra two dimensional term in the Dirac operator. On the upper patch it comes out to be and on the lower patch,
where index a is used for extra dimensions and D2a=TaDa, and slashes on the right-hand side mean contraction with the Dirac matrix r~' over original 2n dimensions. In Eqs. (4·2·7) and (4·2·8), we shall regard the second (and third) term(s) on the right-hand side as perturbation. For the perturbative calculation, we introduce the momentum conjugate to extra 2-dirhensions' coordinate and carry out trace calculation by the momentum integration. In spite of the compactness of extra two-space, we introduce plane wave base and momentum integration, which can be justified in short distance limit, /] ---7 0, the limit so that two-sphere is greatly bigger. 
We left only -TT 8 deg-1 term, which has dominant contribution in the limit (3-+0. This is again the (minus) covariant anomaly and cancels the second term of (4·2·10).
Combining Eqs. (4·2·10) and (4·2·12), we obtain the result 10 l
We can easily check the right-hand side of (4·2·13) agrees with a known formula (3·14) obtained by the cohomological method in the previous section, 5 l (see Appendix A for details)
where Ft is defined by Ft = tdA + t 2 A!\ A. To see the equivalence of these expressions, all we have to do is to make a perturbative calculation.
The result (4·2·13) is completely the same with Alvarez-Gaume and Ginsparg's (AG's) result (3·16). From AG's argument the right-hand side of (4·2·13) is the integrated gauge anomaly. Tracing their way with our own setting, we obtained the same result and the heat kernel representation of the cohomological anomaly (4·2·14). Equation (4·2·13) is suitable for our aim to compare two forms of anomalies. Next we turn to this problem.
The equivalence of Fujikawa's form and cohomological solution -Non-Abelian gauge symmetry-
Now we have two forms of consistent anomaly. From the topological method we have (4·2·13),
The other is derived from Fujikawa's method (4 ·1·1) (only parity violating term we consider because conserving term can be removed by counterterm. See § 3), (4 ·2·17)
We are now going to examine the equivalence between them. We have already shown that (4·2·17) is related to the covariant anomaly (4·1·12) via current redefinition. On the other hand, Eq. ( 4 • 2 ·15) also appears to be related to the covariant anomaly (4 ·1·12) through a similar current redefinition, i.e., 
where we used (4·2·11) and Jl)t=(1-t)¢+tll> in the last line. Therefore, we know that two forms of consistent anomalies, Eqs. 
Since both expressions ( 4 · 2 ·15) and ( 4 · 2 ·17) satisfy the consistency condition, these quantities should satisfy the Wess-Zumino consistency condition.. (We may show that (4·2·15) satisfies the WZ condition by direct computation as we do about (4·2·17).) This suggests that (4·2·19) is a gauge variation of some local function, which means that the difference between ( 4 · 2 ·15) and ( 4 · 2 ·17) can be eliminated by adding a local counterterm to the action. This is indeed the case. We can show the local counterterm is 10 
This was the main result of our previous paper. 10 l
The proof is just quite similar to the one used to get Eq. (4·1·2). Here we put down a more general formula for later application. Let us consider two families of the Dirac operator 1/J, 1/J' which are parametrized by some parameter, e.g., 1/J(t, s), 1/J'(t, s). We introduce the exterior derivative d along this parameter space and consider two-form
For the variation of this form we have (see Appendix B for the proof) 
8(Tr[ rsdl/Je 11 !' !/J dl/J' e!/Jffi']) =d(Tr[ rs8(1/J)effi'!/J dl/Je!/Jffi']) + d(Tr[ rs8(1/J')effi!/J' dl/Je!/J'ffi]).

8(LJ _f)=~~~ ft ( fTr[ Ysf/J.e!/)t!/)s 8-A.e!/)s!/)t]) -JJ~ Js (sTr[rsA.e!/J•!/J'8A.e!/J'!/J•]). (4·2·23)
By means of Stokes' theorem,
the (t, s) surface integral of (4·2·23) reduces to boundary line integral and we obtain the expression in (4·2·19)
This concludes the proof. We thus conclude that both expressions are identical up to an irrelevant variation term (4 ·2·19) as expected from the general result of the uniqueness of solution of the WZ condition. We have constructed a concrete form of the counterterm. At least in 2 and 4 dimensions we have shown that the counterterm (4·2·20) is irrelevant, i.e., the counterterm can be written by the integral of the total divergence term. This agrees with the known result that Fujikawa's method leads to consistent form (4·2·15) in 4 dimensions. However the counterterm ( 4 · 2 · 20) does not vanish in higher dimensions. Note also that the explicit calculation is easier for (4·2·15) than for (4·2·17) because of the simplicity of (JJ>?=ii
In another point of view, our argument in this and the previous section has shown that the integrated Fujikawa's anomaly,
is really topological by direct calculation. In the following sections we will see that our argument which led to (4·2·26) has indeed more generic nature.
V, A coupling gauge field theory -shifting L-R to V-Aform-
W e next discuss the V, A gauge coupling field theory 19 J,ZJ, 9 J with the gauge group Gv= GA. Extension of the argument in the previous subsection to the V, A theory is straightforward and we put down here a summary for completeness. We summarize here difinitions of L-R and V-A form, the relation between them, and counterterms shifting them to each other.
The effective action for the V, A gauge coupling theory is defined by 
Gravitational anomaly from the index theorem
In this section we examine the equivalence of the heat kernel approach to the topological approach in the gravitational theory. Again we consider the higher dimensional index and reduce it to the gravitational anomaly in lower dimensions. Oppose to the case of the non-Abelian gauge field theory, we cannot obtain the concrete form of the heat kernel representation of Zumino's anomaly. In spite of this difficulty our argument by which we relates our Fujikawa's form to topological object, is still valid. Our calculus in this section is insensitive to details of the gravitational theory and indeed valid in other theory.
As in the case of the gauge field, we consider M®S 2 and two-parameter families of field configurations, Et 0 , wt 0 •
Since we consider the transgression from flat specific configuration to flat space, topology of the spacetime manifold M must allow flat metric. We assume that this is so.
Let us consider one-parameter family of gauge transformation g (8) (semidirect product of local Lorentz and covariant transformation). It is not practical to write down the concrete form of field, Eg f· and w~bJL· Instead we rather take an abstract way:*> and {g; I i=O, ... , n-1} is a path connecting identity and gin the gauge group.
Next we consider continuous deformation of spacetime from flat space to one specified by Ea~', Wabp. We do not specify explicit form of deformation for a while. The Dirac operator in 2n dimensions is written as (4·2·45) *l Remember that 81/J=[l/J, A]. This suggests that we can "integrate" this relation to l/)
Let us move to the whole space M®S Thus we obtain another consistent form ( 4 · 2 · 4 9). (Checking consistency by direct computation is possible as before.) But we do not know how this form of anomaly (4·2·49) relates to other forms of anomaly. Oppose to the case of the gauge field, perturbative calculation is not easy to obtain the concrete expression from (4·2·49). Also it is difficult to specify concrete form of Eta and wt
•
But also in the case of the gravitational anomaly, we can establish equivalence of Fujikawa's form (4·2·17) and (4·2·49). The proof is as the above mentioned. Since both expressions (4·2·50) and (4·2·51) satisfy the consistency condition, these quantities should satisfy the Wess-Zumino consistency condition. The difference (4·2·52) between (4·2·49) and (4·2·51) can be eliminated by adding a local counterterm to the action. We can show as before that the local counterterm is (4 ·2·53) Thus again we obtain the relation between the index of the Dirac operator and Fujikawa's form (4·2·51):
in spite of our difficulty in concrete calculation of (4·2·50). Equation (4·2·54) is greatly general result, since we need no specific form of the Dirac operator and transgression EgtaP., w~bp. to obtain (4·2·54). We can show that (4·2·54) is actually topological invariant by direct computation. (See Appendix C.)
In our treatment EgtaP., w~f,p. must be specified to compare with the known result. Different choices produce different anomalies. Corresponding fact exists also in standard cohomological construction, where two choices of the Chern-Simons form Qzn+l(T, R), Qzn+l(w, R), both having dQ=P(R), produce the pure Einstein and the pure Lorentz anomaly, respectively. It is conjectured, after the manner of the cohomological method, choosing path which satisfies wto = tcv 0 (rto = tT 0 ), leads to the pure Einstein (Lorentz) anomaly. However actual calculation is difficult owing to the complexity of path EgtaP., w~f,p. and perturbation calculus.
It seems somewhat peculiar that the same index leads to different anomaly in the gravitational theory but we can also show choices of path can be absorbed by the where we use differential formula in Appendix B. Our formulae clarifies the origin of occurrence of anomaly's ambiguity and naturally leads to the counterterm, which absorbs the ambiguity. We have shown that this ambiguity is indeed irrelevant.
· 4.3. The structure of anomaly in open string theory
Our general method obtaining anomaly from higher dimensions can be applied to any other physical system and we can give geometrical meaning to anomaly in various theories. In this last subsection, we remark about a further application of our formalism: extension to the open superstring theory. There is somewhat different structure concerning the divergence property of the superstring theory. We discuss here topological nature of the non-Abelian gauge anomaly in the string theory. In the stdng theory the contribution to the anomaly comes from every N-point diagraii?-(N~6), so the anomaly is an infinite series of A's polynomial. In other words, this is due to the presence of dimensional parameter a'. (It is taken to be 2a' =1 below.) We have no knowledge of this infinite series, thus ordinary geometrical approach is impossible. Furthermore, we must treat higher symmetry in comparison with the particle case. However all the arguments we mentioned can be applied in the same manner. Our method does not depend on the concrete forms of anomaly and on the property of differential forms, so parallel investigation is available even for the open string theories.
For example, we consider Type-I superstring theory. The gauge anomaly in Type-I theory is discussed in Refs. 14) and 17). All we have to do is to change the Dirac operators to their string extensions,
where Fo and Vi are defined in terms of string coordinates X" and the Ramond field r",
In front of a vertex operator Vi(p), (1 +Q)/2 is understood, where Q is the string twist operator. ru is defined by ru = ruexp( iJT: ~ bJ bn) . which associates with the Yang-Mills gauge transformation,
where W[X] is the Ramond string field. Similarity of ( 4 · 3 · 6) to ( 4 ·1·1) allows the parallel investigation available. Especially we can discuss the connection of (4·3·6) to 12-dimension index theorem. The non-Abelian gauge field A again is to be extended to 12 dimensions. Note that oscillating freedom should not be introduced into the extra 2-space because of the string critical property. For considering 2-parameter deformation of the gauge field, however, it is sufficient to extend the vertex operator to exp[ik· X(p)+ iii· x], i.e., our string is rigid along this extra 2-space. Two-parameter family of the reference gauge field A is as the above mentioned, (p), ia; ). From the index of (4·3·12) we can obtain the non-Abelian anomaly (4 ·3·6) through similar argument as in the previous section. However, there is a small difference. In perturbation calculus which connects the index of (4·3·12) to anomaly (4·3·6), r in particle theory did not have any singularity, but T(p) is singular as p-112 in correlation function. 18 >' 17 > Thus n-th perturbation in the string theory has order of pn-<Itz>n oppose to pn in the particle theory. In spite of this difference, again n=2 term makes dominant contribution, and the same result comes,
Although it seems doubtful that the RHS of (4·3·13) is topological invariantsince we did perturbative calculation to obtain (4·3·13), we can show by direct computation it is indeed true. ( 4 · 3 ·13) is invariant under continuous deformation of any parameters, A, g (8) and a'. (See Appendix C.) Since the integrated anomaly (4·3·13) is topological invariant, our observation suggests that a'-dependent terms are irrelevant in (4·3·6) and calculation in a'--->0 limit presents exact result. Only difference from the particle theory appears in counting group theory factor. And it seems possible to find concrete expression of (4·3·13), which gives foundation of topological understanding of string anomaly. § 5.
Conclusion and discussion
Following the work of Ref . 9) we have examined gauge anomalies in the chiral coupling gauge theory through the heat kernel (Gaussian factor) method. Our method is based on the heat kernel representation of anomalies, the algebra of differential operator and the property of functional trace, not through the explicit forms of anomalies evaluated by perturbative calculation. We have seen Fujikawa's form of anomaly has various desirable properties in nonperturbative way. Fujikawa's form is not only a simple expression but also a useful tool to examine most of algebraic structure of anomaly. For example we discussed in the present paper the current re-difinition and anomalies, especially covariant form and consistent form, which was originally due to Bardeen and Zumino's result derived by differential geometric method. We also observed that Fujikawa's form satisfies the WZ condition in the gauge and gravitational theory, directly from the heat kerel representation. Not only parity violating part of Fujikawa's form, we also discussed parity conserving part, which has not geometrical origin and thus cannot be expressed in differential forms. We put down the counterterm which removes parity conserving part of Fujikawa's form for the gauge and gravitational theory.
In § § 4.2.1 and 4.2.2, We have reviewed our result of the previous paper. 10 > There we have shown that Fujikawa's anomaly is essentially equal to Zumino's solution given by the cohomological method in the gauge theory. Also in this case avoiding explicit perturbative calculation, we have done all works in the heat kernel representation. Seeking the heat kernel representation of Zumino's solution, we followed Alvarez-Gaume and Ginsparg's argument, which relates the (2n+2)-dimensional ~hiral anomaly to the 2n-dimensional gauge anomaly. Making use of this expression we have presented the counterterm (4·2·20) which shifts Zumino's solution to Fujikawa's form and convinced their equivalence in arbitrary even dimensions.
This consideration is greatly general and independent of concrete forms of anomaly, index and other details of model. In the present paper we have shown that the heat kernel technique is quite useful to various topological nature of the anomalies such as the V, A coupling gauge theories, the gravitational anomaly and even the non-Abelian gauge anomaly in the open string theory.
In application to the gravitational theory, we have obtained a family of formal consistent forms from 4k-dimensional index theory (which must contain ordinary consistent anomalies constructed from cohomological argument) and shown their equivalence to our Fujikawa's form of the gravitational anomaly also in this case. Thus we have convinced that our Fujikawa's form correctly indicates the topological obstruction for gauge invariance. However we could not show how our results relates to other known results. It is difficult to show their equivalence to geometrical approach, owing to non-polynomial nature of transgression Et 8 , wt 8 and complexity of perturbative calculus. It seems that somewhat peculiar situation exists in the gravitational anomaly. The same index theorem produces different types of anomalies. In standard co· homological construction, if we regard the invariant polynomial P(R) as a function of GL(4k) curvature, the Chern-Simons form Q(r, R) leads to general coordinate anomaly and no Lorentz anomaly. If we consider P(R) as a function of S0(4k) curvature, the Chern-Simons form Q(w, R) leads to the opposite situation. In our language this ambiguity of anomaly is variety of choices of the path Et 8 , wt 8 •
We have shown this difference can be removed by adding the local counterterm to the action. Our formalism naturally led to this occurrence of ambiguity and also led to the counterterm which relates them to each other. Another application of our formalism was to the open string theory. This could be easily achieved by replacement of the Dirac operator with their string analogue. We discussed Type-I superstring theory in 10 dimensions. We related the gauge anomaly in this theory to the index of a kind of Dirac operator in 12 dimensions. Also in this case we could relate Fujikawa's form to geometrical object. It seems that topological nature of this relation allows us to calculate in a'~ 0 limit. Our consideration gives hints to geometrical understanding of the string anomaly.
Further comments are about the case of the field theory on non-compact manifold. It is wellknown that the regulator depending on the surface-term contribution exists in the case with open boundary.
20 > Let us show this occurrence in our framework. For example we mention about the regulator dependence of the gauge anomaly in § 4.2. On compact manifold the regulator dependence is removed by current redefinition, that is,
Our procedure relies greatly on cyclic property of trace, that is,
This corresponds to integrating by part and throwing away the surface term in ordinary calculus terminology
where the second term is surface term and is to be thrown away on compact manifold. Thus if we consider the field theory on open manifold, we must carefully deal with cyclic equation .. Thus on non-compact manifold, the boundary integral
may remain to have non-vanishing contribution. In this way, the method discussed in this paper seems to be quite useful even for the analysis of cutoff dependent part of the anomaly in open manifold.
--Perturbative Calculation from (2n + 2) to 2n Dimensions --We give here detailed definitions of objects used in § § 4.2.1 and 4.2.4 and present perturbative calculation to obtain (4·2·13) and (4·2·49).
Firstly we consider the case of the gauge field. We have chosen for the ga:uge field in (2n+2) dimensions on the upper patch
where the last two components are taken to vanish, Jlt=Jlo=O. On the lower patch
The index of the Dirac operator il/J2n+2 or the chiral anomaly in (2n+2) dimensions is given by the heat kernel term,
where 9:$. is for (2n+2) dimensions. In order to see the relation between this chiral anomaly and the non-Abelian anomaly, we take a perturbative calculation of the extra two-dimensional term in the Dirac operator,
Here index a is used for extra dimensions and fD2=l'aDa, and slashes on the righthand side mean contraction with the Dirac matrix rP over original 2n dimensions.
On the upper patch it comes out to be and on the lower patch 
Here we have performed the momentum integration and the trace calculation over 0"-matrix space. In the last line, all the Dirac matrix is the original r's and the trace is for 2n-dimensional functional and the Dirac trace. There remains the dominate contribution which in the limit /3=0. (This can be seen later. Note that every perturbation has order {J and J dP has /3- The contribution from the lower hemisphere appears to be (A·14) This is again the covariant anomaly and cancels the second term of (A ·10 
The right-hand side of (A ·15) agrees with a known formula (3 ·14) obtained by the cohomological method in the previous section,
where Ft is defined by Ft= tdA + t 2 AI\A. To see the equivalence of these expressions, all we have to do is to make a perturbative calculation. We perform this on the planewave bases (at the neighborhood of x, and neglecting boundary and curvature dependence because we consider the short distance limit) and change the functional trace to the momentum integration. We have 
Thus
higher order perturbation vanishes in the limit as /3 goes to 0. We also note that trace with rs requires at least (2n-2) r matrices so as not to vanish. So the contribution comes only from Fn-1 term.) In the case of the gravitational theory it is not practical to write down the concrete form of field, Ega'" and wgabP.· Instead we rather take an abstract way. 
n-CX} Ui n-+oo where (A·21) and {g;li=O, ···, n-1} is a path connecting identity and g in the gauge group. Equation (A ·18) defines Eg aP. and wg abp. implicitly. We also consider continuous deformation of spacetime from flat space to one specified by Ea~-', WabP.· Again we do not specify the explicit form of the deformation, which is in terms of the Dirac operator 
where greek indices are for coordinate frame and latins for normal frame**> and w/t *l Remember that 811)= [11) , A]. This suggests that we can "integrate" this relation to 11) 9 =g- where we note that g(Eua'"ra(a'"+(l/2)cv'"u)+ Eoaroaa)g-1 is g-1 -gauge transform of the Dirac operator Euctra(a'"+(l/2)cv'"u)+Eoaroaa in the sense of (2n+l) dimensions.
As in the case of the gauge field theory we perform perturbative calculation in the /3---70 limit. In spite of that extra two-space is curved and compact, we introduce plane-wave basis and momentum integration, which can be justified in short distance limit. The results are )aM JaM
